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class of imbeddings determines a homotopy class of maps. We write qs : i,(M) + n,(M) for 
the projection of diffeotopy classes to homotopy classes. 
PROPOSITION 1. If 2m 3 3s + 3, and Mm is (2s - m + l)-connected, qs is onto. 
If 2m 2 3s + 4, and M” is (2s - m + 2)-connected, qs is (1 - 1). 
These results are due to Haefliger [2]. We shall need a mild extension (whose proof we 
defer for a few pages). 
LEMMA 1. Zf 2m 2 3s + 2, and Mm is (2s - m + 2)-connected, two homotopic imbed- 
dings of S” are regularly homotopic (m 2 s + 3). 
Thus when 2m > 3s + 4, Mm (2s - m + 2)-connected, we can identify i,(M) with 
n,(M) and so, in particular, give it a group structure. The range of validity of this result 
is called the stable range. We observe that in the stable range, the invariants i,(M) admit 
homotopy operations. For example, if 5en,(S’), then composition with 5 gives a map 
(not in general a homomorphism, unless < is a suspension) 0r :x,(M) + q(M). Using the 
identifications of Proposition 1, we deduce a map 0 t : i,(M) + i,(M), defined in the stable 
range. 
Now each imbedded (or immersed) sphere has a normal bundle, whose equivalence 
class is determined by the class of the sphere under diffeotopy (or regular homotopy). We 
recall the clasification (Steenrod [lo]) of bundles over S. Let D”+ , D”_ denote two hemi- 
spheres; then any bundle over S” has trivial restrictions to these, and so is derived from 
trivial bundles over 0: , D”_ by identifying along the equator. In particular, for an (m - s)- 
vector bundle over S’, we have the trivial bundles 0: x R”“, D!_ x R”‘” and a chara& 
teristic map x : S-’ -, SO,_,; and a point (P,x) of S’-’ x R”” c 0: x R’“-’ is identified 
with (P, x(P) *x) on the lower half. Equivalence classes of bundles are in (1 - 1) correspon- 
dence with homotopy classes of maps x. 
We denote the map which associates to each sphere its normal bundle by a : i,(M) + 
n,_I(S0,_3. This is our second diffeomorphism invariant. Its sth suspension Sa : i,(M) + 
n,_,(SO,) associates to each sphere the bundle induced from the tangent bundle of M (we 
assume s < m), which depends only on the homotopy class of the sphere, and in fact defines 
the homomorphism of q(M) to n,_,(SO,,,) z rr, (&SO,)) induced by a classifying map 
M + B(S0,) for the tangent bundle of M. 
Now consider the behaviour of a under the operation 0 5 defined above in the stable 
range. In fact for these purposes, the stable range may be extended by a dimension, for 
by Proposition 1, each homotopy class is represented by imbedded spheres, and as a corol- 
lary of Lemma 1, these all have the same normal bundle, so that if 2m z 3s + 3 and M” 
is(2s- m + 2)-connected, a induces a map from rr8 (M) to x,_,(SO,_J. Let Ss be a sphere 
in M, representing XE i,(M), then x 0 5 is represented by an imbedding of S’ homotopic in 
M to the map defined by r of S into S. Now a tubular neighbourhood of S”, is certainly 
(s - l>connected, so by Proposition 1, provided s - 1 2 2r - m + 1, S’ can be imbedded 
already in this neighbourhood. If in addition s - 1 3 2r - m f 2 and 2m > 3r + 3, the im- 
bedding is unique up to regular homotopy, and so has a well-defined normal bundle, a(x 0 5). 
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LEMMA 2. Suppose 2m > 3 r + 3, m 2 2r - s + 3, and r > s. Then the above con- 
struction determines a map 
F : nb_ ,(SO& x n,(S) -+ rc,, r(SO,&. 
We pose the problem, to give a homotopy-theoretic interpretation of this map. We 
present below a number of properties which may shed some light on the problem (in 
Lemma 5). 
We use the Thorn construction to define our next invariant. First suppose xoQiK) 
has a(x) = 0, and is represented by a sphere S” c A4 with normal bundle trivialised. Then 
it has a tubular neighbourhood Ss x D”‘-‘: project on the factor D”-“, and shrink the 
boundary to a point (co), giving a sphere s”-“, and finally extend the map of the tubular 
neighbourhood to M by mapping the rest of M to co. We have defined a map M-, s”-‘; 
this induces homomorphisms of homotopy groups n,(M) + n,(S’““~. 
The hypothesis a(x) = 0 may be dispensed with. For express an imbedded sphere 
S” as the union of two hemispheres D”, and Dt . A tubular neighbourhood may be derived 
from 0: x D”-” and D”_ x D”-” by identifying along the equator as above. Now write E 
for the interior of D”, x DmVS. Then E is an open m-cell and if we remove E from M, 
n,(M) and i,(M) are unaltered, for r < m - 2. However, on the remainder of M, the Thorn 
construction may be performed just as before, and now, since I)“_ is contractible, the triviali- 
sation of the bundle is essentially unique. Hence the map is uniquely determined by x. 
Thus for each XE i,(M) and r < m - 2, we have a homomorphism of z,(M) to rr,(S”‘-“). 
This defines maps A, : i,(M) x n,(M) -+ n,(S’“-“),-linear in the second variable. It is clear 
that &,(x,y 0 c) = &,(xJ) 0 { for t: ox,(S), since the map of homocopy groups is induced 
by a map of spaces. We sometimes use 1, also for the map of i,(M) x i,(M) defined by 
first performing ql on the second variable, and then 5. 
$2. RELATIONS BETWEEN THE INVARIANTS 
We next find all the formal properties of a and 1. 
LEMMA 3. For x~i,(M), &(x.x) = Sna(x). 
Here, I[ is induced by projection of SO,_, on S-s-1, and S is the Freudenthal 
suspension. 
ProoJ Let S” c M be a sphere representing x, and form a tubular neighbourhood 
as in the definition of 1. We must find a second sphere representing x, but avoiding E: this 
we do as follows. Let * be a base point in dD”‘-“. Then, regarding the tubular neighbour- 
hood as a bundle, we choose a cross-section given by LY+ x * over D”+ . Using the identifica- 
tion, over P E Y’ c DC , this gives (P, x(P). *). The map P + x(P). * represents (by defini- 
tion) the homotopy class na(x). This must be extended to a map of DC to give a map of 
S” to S’“-’ representing &(x,x); but extension by hemispheres defines precisely the Freu- 
denthal suspension Sxa(x). 
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LEMMA 4. Suppose M” (r f s - m + l)-parallelisabk. Then for .YE i,(M), y E i,(M), 
S’&(x,y) = (- l)‘sSSl,(y,x) (r,s < m - 2). 
Proof. Let f : S’+ M, g : S -, M represent x,y; w.1.o.g. we suppose these transversal 
to each other. Then the images meet in a submanifold V of both, of dimension r + s - m. 
Now A;, is represented by the map of S’ to S’“-’ induced by trivialising the normal bundle 
of a hemisphere of S’ in M-or equivalentiy, by the restriction to V of that trivialisation 
(now of the normal bundle of V in S’). Now since r,s < m - 2, we can represent 7c,+JS) 
by maps of S x S into Sm. Hence the rth suspension of A,5 is represented by the map of 
S’ x S’ into S” given by the submanifoid 1 x V, whose normal bundle is trivialised first 
in S’, then by adding the trivialisation deduced from a base of the tangent space of S’ at 1. 
Varying by a homotopy, we may suppose V imbedded diagonally in S x S (for we have 
given imbeddings in either factor), provided the above trivialisation is still used. 
Similarly for SsA.,,(y,x), except that reversal of the factors induces a sign (- l)‘E, and 
we have a different trivialisation so that if the trivialisations agree (up to homotopy) the 
result will follow. Now the normal bundle of V in S’ x S” is canonically isomorphic to the 
restriction to V of the tangent bundle of M. For, if PE V and w = wI + w2 is a vector 
tangent to S x S at P, where w, is tangent o S, w2 to S’, we may map w1 to the corre- 
sponding tangent vector to S’ at P in M; similarly w2, and subtract. This map takes tangent 
vectors w to S’ x S” at P x P into tangent vectors to M at P; and if the image of w is 0, 
w1 is tangent o V in S’, and w2 represents the same vector tangent o V in S”, so w = w1 + w2 
is tangent o V in S’ x S”. Hence normal vectors are mapped monomorphically. 
Now the two trivialisations of the restriction to V of the tangent bundle of M are 
defined by taking V c D’(D), a hemisphere of S’ (or 9) and trivialising over the contrac- 
tible space D’(D). Hence they agree if and only if the tangent bundle of M is trivial over 
D v P. But, up to homotopy, 
so LT u D” has the homotopy type of the suspension of P’, which is (r + s - m + l)-dimen- 
sional, and the result now follows from the hypothesis that M is (r + s - m + l)-parall- 
elisabIe. 
COROLLARY. If 2m > 3s f 3 and Mm is (2-s - m + 2)xonnected. isI induces a (- l)“- 
symmetric bilinear map 
A : 7&(M) x It,(M) + n,(sm-S). 
Proof. Under the hypothesis, TC,(S”‘-~) is a stable group, and so s-fold suspension 
induces an isomorphism of it. Thus if 2m > 3s + 4 and M is (2s - m + 2)-connected, we 
can identify i,(M) and n,(M); the symmetry of II follows from that (proved above) of its 
s-fold suspension, and 1. is linear in the first variable since it is symmetric, and linear in the 
second. 
If 2m = 3s + 3 we have only to observe in addition that if qs(x) = q,(x’), then 
A,(x,y) = IJx’,y) for any Y: this follows again from the symmetry and the fact that I depends 
only on the homotopy class of the second argument. 
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We think of A as a generalised intersection umber: for m = 2s it is precisely the usual 
intersection number, as we see at once. 
THEOREM 1. Let 2m 2 3s + 3, s 3 2, curd suppose Mm (2s - m + 2)-connected. Then 
we hare maps g: q(M) -+ ns-l(SOm_s); ;I: K,(M) x q(M) -+ x,(9”-‘) such that R is bilinear, 
IO,,.@ = (- I)“i(x,y), &x,x) = Bra(x) and a(x + y) = a(x) + a(y) + aA( 
Here d is the boundary in the homotopy exact sequence of the fibering SO,_., -+ SO,,,_,+: --t 
s-“. We have already established ail the results except for the addition formula for a. 
The idea of the proof is as follows. We represent x, y by spheres S;, S; transverse to each 
other. These are joined by a small tube obtained by thickening an arc which joins SL to 
Sz, but is disjoint from them except at the ends. We obtain an immersed sphere representing 
x + y and with normal bundle a(:r) + a(y). We must modify this to be an imbedding, and 
see how this changes the normal bundle. 
HJLFSSATZ. Let f : S” --, Mm be an immersion which crosses itself ingeneralposition along 
a submanifold V2’-.ll. Then there is a disc D” in Mm which meets Ss in a disc containing 
v2s-m 
Proof of Hilfssatz. We use results of combinatorial topology. Observe that the con- 
ditions 2m Z 3s + 3, s 3 2 imply nz > s + 2. Moreover S is (2s - m)-connected and 
J4’” (2s - m + I)-connected. The result-in the combinatorial sense-now follows from a 
lemma of Zeeman [12]. By a result of Hirsch [5]: a small deformation will suffice to make 
the discs differentiably imbedded. 
Proof of Theorem. The desired modification is now simple: we remove the part of 
f’(F) within D”, and replace by an imbedded s-disc spanning D”’ n f (S”)--that this is pos- 
sible follows from Proposition 1, in a slightly generalised form [3]. Alternatively, we may 
describe the old sphere as obtained from the new by taking the connected sum with an 
immersion of Ss in F-and the change in normal bundle will be just the normal bundle 
of this immersion. 
Now the immersion has the property that S” can be divided into two hemispheres 
(which correspond to the original spheres Sr and S,) such that each is imbedded, and their 
intersection invariant is I(x,y). The imbedding of one hemisphere may be regarded as 
standard, and we have to describe the second. In fact, we suppose a neighbourhood of 
o”+ to be imbedded flat; then we can ignore a neighbourhood S”- ’ x D”-“+ ’ of its 
boundary, and concentrate on the complementary D” x S”-“. In this, o”+ is mapped by 
FIG. 1 
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D” x 1, and near the boundary, D”_ by D” x - 1. Moreover, the homotopy class (relative 
to the boundary) of DC is just I(xJ)ER,(S~-‘). Now using Proposition 1 or Lemma 1, 
we may replace by any homotopic imbedding: we choose a cross-section of the projection 
of p x S-” on Iy. Then tangent vectors project isomorphically into Ds; hence normal 
vectors project isomorphically into S”‘-“. We trivialise the normal bundle of D”_ by lifting 
the map Dt 4 s”‘s (which represents a) to a map Dt -+ SO,,,_,+ 1, and the characteristic 
class of the normal bundle of S is now obtained by looking at the restriction of this to 
the boundary S” ’ -+ SO,,, _ , . But this is just the process used to define the boundary operator 
in the homotopy exact sequence, which proves our result. 
We remark that most of the above considerations for spheres can be parallelled for 
discs-at least if a is defined relative to a given trivialisation on the boundary. We shall 
have use for such extensions in the sequel. 
We can now give the proof of Lemma 1 (we do nor use the result of Theorem 1, only 
the method). 
Proof of Lemma 1. Suppose given two homotopic imbeddings of S in Mm, and a 
homotopy, i.e. a map of S* x I into Mm x I. The singularity locus of this map (supposed 
in “general position”) has dimension 2(s + 1) - (m + 1) = 2s - m + 1 (since 2(m + 1) > 
3(s + l)-see Haefliger [2]). Again apply Zeeman’s lemma to enclose this in a disc. Now 
on the boundary of this disc we have an imbedding of S’ in S”; by a result of Kervaire [6], 
for 2m > 3s + 2 this is regularly homotopic to the standard imbedding, i.e. spans an 
immersed disc LY” in p+‘. We have not actually obtained a regular homotopy, but the 
existence of au immersed S’ x I shows (using Hirsch’s obstruction theory [4]) that the given 
spheres are in fact regularly homotopic. 
It has been pointed out to me by the referee that the combinatorial argument in the 
above Hilfssatz can be by-passed by using recent (in part unpublished) imbedding theorems 
of Haefliger. For Theorem 1, we choose an imbedding of S in S” with each hemisphere 
imbedded, with intersection number -J(x,y) (this is constructed as above), and take the 
connected sum with (Mm, S’). In the new pair (Mm, S’), the two hemispheres are imbedded, 
with zero intersection invariant; now it can be deduced from the main theorem of [3] that 
such an immersion is regularly homotopic to an imbedding. The result now follows as 
above, by calculating the normal bundle of (S”, S). Lemma 1 followsfromTheorem(4.2(b)) 
of Haefliger and Hirsch [Immersions in the stable range, Ann. Math., Princeton 75 (1962), 
231-2411 and from the version of Prop. (2.2(b)) of Haefliger’s Bourbaki Seminar (December 
1962) for homotopy. 
We now apply Theorem 1 to deduce some properties of the map F of Lemma 2. 
LEMMA 5. The map F: R,_~ (SO,_,) x R,(S) + 1r,_,(S0,_,), de$ned for 2m > 3r + 3, 
m>,2r- s + 3, and r > s, satisfies 
(1) F is linear is the first variable, if the second is a suspension. 
(2) If the first variable is a suspension, it is linear in the second. 
(3) F (Sa,e) = SF(a,S) when the right hand side is defined. 
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of Haefliger [3A]. Now (if m 2 s + 3) the complement of the ith S’-’ has the homotopy 
type of Sm-s-l, hence the map of thejth determines an element ;rijrz K,_ r(Sm-‘-r). More- 
over, as is easily seen, Aji = (- l)“L,, . The ~, are linking invariants, or (if m = 2s) 
linking numbers in the classical sense, and have been used by Kervaire. 
PROPOSITION 3. If 2m 2 3s + 3, s 2 2, diffeotopy classes of imbeddings fare in ( 1 - 1) 
correpondence with sets of linking invariants lij E x~_~(S~-~-~) (i < j). 
The proof is given in [3A]. 
Now, given?, to obtain f we merely have to extend imbeddings from spheres to tubular 
neighbourhoods. In fact, the normal bundle of each S -’ admits a canonical trivialisation, 
since by Proposition 1 (and Lemma I), 9-r spans an imbedded disc D” in D”‘, unique up 
to diffeotopy (regular homotopy), and we trivialise the normal bundle of that. By the 
tubular neighbourhood theorem, given an imbedded Ss-’ in Sm-’ with trivial normal 
bundle, diffeotopy classes of extensions to an imbedding of S-’ x D”-’ are in (1 - 1) 
correspondence with trivialisations of the normal bundle, i.e., with elements of rr,_r(SO,,,_& 
This proves 
LEMMA 6. Diffeotopy classes of imbeddings f are in (1 - 1) correspondence rvith sets 
of invariants 
~ijEn,-l(Sm-S- ‘) (1 Q i cj 6 k), aldz,_l(SOn_s) (1 6 i G k). 
(The hypotheses of the preceding Proposition are preserved here, as beiow). 
Now we take an f with the given invariants and form a manifold M. Let {ei> be the 
basis of n,(M) defined above. 
LEMMA 7. L(ei, ej) = SI1,, a(eJ = ai. 
Proof. Observe that since M is (s - l)-connected, and (s - 1) 2 (2.r - m + 2) follows 
from our hypotheses, we are indeed in a situation where Theorem 1 is applicable and 1, a 
are defined on the homotopy group. 
Represent e, by the sphere St with 0: x 0 as one hemisphere and a disc 0; in D” as 
the other. Then Si, Sj meet only in D’“. To compute their intersection, we deform 0; to lie 
on aDm, which is possible by Proposition 1. Thus it only meets S, on aDf x 0. If we now 
perform the Thorn construction, aD”’ is mapped to S”‘-‘-i, and D” to one complementary 
hemisphere. The induced map on apj x 0 is just that used to define the linking invariant 
Lij; it has to be extended to map the hemispheres of S, into those of S”-“, and thus yields 
the suspension 5’1,. 
To compute a(ei) we again use the hemispheres D;, Di x 0, and trivialise the normal 
bundles; that of Di x 0 is indeed already trivialised. The fitting together on the boundary 
is given by f, and we defined ai above as the element of rrr_I(SOm_l) corresponding to the 
identification. 
Since 1, belongs to a stable group, so is determined by its suspension, it follows that 
a and A suffice for the diffeomorphism classification off. Thus their values on the generators 
ei are independent, and determine the presentation. 
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By Theorem 1, these values determine a and I uniquely on the whole of H. Thus 
there is a (1 - 1) correspondence between handlebodies with a presentation, and structures 
(H, z, j.) with a chosen basis for H. Using Proposition 2, we now deduce 
THEOREM 2. If s z 2,2m L 3s + 3, d@eomorphism &zs.ses of handlebodies 
ME X(m, k, s) are in (1 - 1) correspondence with isomorphism classes of structures of the 
following type on free abelian groups H of rank k : maps u : H -B I~,_~(SG~_~), 1: H x H 
+ 7rJSrn --s. 1 satisfying the conditions of Theorein 1. 
The case m = 2s of this theorem was proved and exploited in our paper [ 111. 
Now let (H,, cq, A,) and (Hz, a2, A,) be the systems of invariants for handlebodies 
M, and Mz. Define H as the direct sum H, @ H,, and CI : H --) z~-~(SO,,,_~), 1: H x H 
+ q(Sm-‘) by components : 
@-(X1, x2) = @1(X1) + a,(x,), 
%(x,, x2), (Yl, Y2)) = 4(xt, YI) + A2h2, Y2). 
It is immediate that (H, tl, 3,) satisfies the conditions of Theorem 1. We remind the reader 
that the sum of two bounded manifolds is defined by identifying discs imbedded in the boun- 
daries of each, and rounding corners; this is well-defined if the boundaries are connected 
and oriented and the discs have opposite orientations. 
COROLLARY. The imariants of Ml + M2 are (H, Q, A). 
Clearly H,(M, +A!,) = H,(M,)@ H,(M,). The normal bundle of a sphere in M,, and 
the intersection of two such spheres, are clearly unaltered by regarding them as spheres in 
M1 + M,. The result follows. 
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